Abstract
Introduction
Wavelet functions exhibit very good localization properties in frequency and in spatial/time domain and provide an efficient way of representing 1-D and 2-D signals. Construction of wavelet and scale functions of finite support is possible by iterative filtering and subsampling [1] . Wavelet transformation of signals allows for processing in separate subbands [2] . Several methods based on multiresolution analysis via wavelets and orthogonal wavelet filter-banks have appeared recently in the literature [3] for such applications as image/speech coding and compression [2] , motion estimation in video sequences, neural wavelet networks [4] , speech recognition and image restoration [5] .
Digital images are degraded due to motion blur, defocusing, atmospheric turbulence and long exposure times, [6] . The linear degradation model assumes that the degraded image, denoted as y, is related to the original image s through the degradation matrix K and additive white Gaussian noise n n Ks y + = 
Regularized restoration techniques [7] tackle the illposed problem of image restoration by assuming a smoothing filter as a regularization operator and minimizing a Lagrangian functional. Such a functional includes the restoration error and the outcome of the filtering with the smoothing filter,
where C is the filtering matrix with the smoothing filter and is the so-called regularization parameter. There are several methods of estimating the regularization parameter like iterative methods [8] and statistical methods [9] , [10] . This paper proposes and analyzes an iterative model for image restoration which establishes regularization parameters in each wavelet channel. The outline of the proposed model is presented in Figure 1 . 
A model of regularized image restoration using filter-banks
Regularized image restoration using wavelet filter banks as the smoothing operator is formulated in the sequel as an optimization problem. Wavelet factorizations via unitary matrices are suggested to decompose the degradation matrix K into independent frequency channels. The equation of the regularized restoration method is solved iteratively in each of these channels.
Formulation of regularized restoration as an optimization problem
Generalization of regularized image restoration to multiresolution spaces has been presented in [11] . The restored image ŝ is found by minimizing the following Lagrangian cost, 
obey the orthonormality conditions by construction, i.e.
An alternative representation of the filter bank is through its polyphase matrix H p which is comprised by the decimated components of the filters belonging to the filter bank, 
Proof: We take the derivative 
Representation of the degradation matrix by a wavelet filter-bank
Let matrix K be decomposed as in 
Eqs. (12) are obtained by substitution of Eqs. (13) into Eq. (9), multiplication on the left with wavelet matrices T j W and using the orthonormality conditions in Eqs. (6) .
It is is not difficult to satisfy the assumption that the degradation matrix K is decomposed as in Eq. (11) 
Iterative solution of the regularization equation
The iterative solution of Eqs. (12) is proposed as
This is an extension of the general iterative solution of the regularized restoration equation presented in [13] , [14] , [15] . Regularization parameters are evaluated iteratively according to the relationship,
where 0 2 equals n T n and / q is a small positive constant. It is necessary for convergence that the iteration parameter q , { } 
Experimental results
The degradation is assumed to be decomposed by a perfect reconstruction filter bank upon the quincunx sampling Table 1 . This is a degradation which affects the high spatial frequencies of the image more than its low spatial frequencies. Usual linear blur may be approximated by a matrix product like Eq. (20). The original image of "Lena" along with its two polyphase components is presented in Figure 5 . The linear degradation model of Eq. (1), which assumes additive white noise, is adopted. The standard deviation of additive noise is 1 0.01. The degraded image y is shown in Table 2 gives the values of the parameters of the iteration β as well as the final improvement in Signal-to-Noise-Ratio (ISNR) 
Conclusion
A novel approach of iterative regularized image restoration in multiresolution channels is proposed. A perfect reconstruction filter bank which is defined upon arbitrarily sampling lattices decomposes the degradation filter as well as the smoothing filter into independent wavelet channels. The corresponding systems of regularization equations are solved iteratively. The regularization parameters are evaluated at each iteration step. Restoration results obtained with the proposed method are better than results obtained with conventional regularization methods. 
